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THE TRACE OF THE GENERALIZED HARMONIC OSCILLATOR
by Jared WUNSCH
Introduction.
Let M be a compact manifold with boundary endowed with a scattering metric g as defined by Melrose [9] . Thus in a neighborhood of 9M, we can write ^^-ŵ here a; is a boundary-defining function for 9M, i.e. is smooth, nonnegative, and vanishes exactly at 9M with dx -^ 0 at 9M, and where h € C°° (Sym 2 (T* M)) restricts to be a metric on 9M. Scattering metrics form a class of complete, asymptotically flat metrics that includes asymptotically Euclidian metrics on R 71 , radially compactified to the n-ball; this class also includes metrics on R 71 that are not asymptotically Euclidian but that look like arbitrary,' non-round metrics on the sphere at infinity (see [9] for details).
We consider a generalization of the quantum-mechanical harmonic oscillator on the manifold M: let a; be a boundary-defining function for 9M with respect to which g has the form (1.1), e.g. \z\~1 on flat ^ (modified to be a smooth function at z = 0). For any uj € R+, we consider the associated time-dependent Schrodinger equation
where v is a formally self-adjoint perturbation term that can include both magnetic and electric potential terms. We will take v to be an error term in a sense to be made precise later on; potentials of the form v e C°°(M) are certainly allowed. Note that for such a v,
. +^+
v is semi-bounded, hence the Friedrichs extension gives a self-adjoint operator on L' 2 (M) (with respect to the metric dg). Our class of operators thus includes compactly supported metric and potential perturbations of the standard harmonic oscillator on R".
Perturbations of the free-particle Schrodinger equation on manifolds with scattering metrics were studied in [13] using a calculus of pseudodifferential operators on manifolds with boundary called the quadratic-scattering (or qsc) calculus and denoted ^qsc(M). This calculus is a microlocalization of the Lie algebra of "quadratic-scattering vector fields" on M, given by 
we call ^TM the quadratic scattering tangent bundle of M. Let ^T^M be the dual bundle (the quadratic scattering cotangent bundle). Let ^T^M be the unit-ball bundle over M obtained by radially compactifying the fibers of ^T^M (see [9] or [13] ). This is a manifold with corners. The principal symbols of operators in the qsc-calculus are conormal distributions on ^T^M with respect to the boundary (a precise definition of such distributions will be given in § 2). There is an associated wavefront set, WFqsc, which is a closed subset of 9( qsc T*M).
In [13] , propagation of TVFqsc was described for perturbations of the free particle Schrodinger equation on M. In this paper, we discuss the analogous results for the harmonic oscillator, referring to [13] for all technical details. We can conclude from the propagation results that if there are no trapped geodesies on M, then except at a certain set of times there is no recurrence of WFqsc for solutions to (1.2). In the above definition of S^ we adopt the convention that the sides of a geodesic n-gon in M with vertices in 9M are maximally extended geodesies in M (which automatically have infinite length) and geodesies in 9M of length TT; the latter geodesies appear naturally as limits of geodesies through M -cf. Prop. 1 of [10] . Using very general properties of the qsc calculus, in § 5 we use the non-recurrence result to conclude that if U(t) is the solution operator for the Cauchy problem for (1.2) then
For example, if we have a compactly-supported potential perturbation of the standard harmonic oscillator on R 72 , S^ = 27rZ: If M is the radial compactification of R
71
, 9M is the unit (n -l)-sphere. Geodesies on M connect antipodal points on 9M and geodesies in 9M are great circles, hence consecutive vertices of a geodesic n-gon are antipodal points and there exist geodesic n-gons iff n is even; closed geodesies in 9M also only occur with lengths in 27rZ. Hence for a potential perturbation of the harmonic oscillator on R 71 , the trace of the solution operator can only be singular at multiples of 27r. One can deduce this easily from Mehler's formula in the unperturbed case.
The trace theorem (1.6) closely resembles a result of Chazarain [1] and Duistermaat-Guillemin [6] which says that on a compact Riemannian manifold without boundary, singsuppTr e'*^ C {±lengths of closed geodesies} U {0}; related results of Colin de Verdiere using heat kernels can be found in [3] and [4] . Chazarain [2] has also proved a semi-classical trace theorem for the time-dependent Schrodinger equation, in which the lengths of closed bicharacteristics of the total symbol appear. By contrast, the trace theorem o of this paper is a non-semi-classical result, and over 5'*M, the relevant bicharacteristic flow is that of the symbol 11$| 2 rather than the full symbol as in [2] . Results on singularities of perturbations of the harmonic oscillator have been obtained by Zeiditch [15] , Weinstein [12] , Fujiwara [7] , Yajima [14] , Kapitanski-Rodnianski-Yajima [8] , and Treves [11] . Periodic recurrence of singularities for perturbations of the harmonic oscillator on R 71 was demonstrated by Zeiditch [15] and Weinstein [12] , and the trace theorem (1.6) was proven by Zeiditch for perturbations of the harmonic oscillator in R 71 by potentials in ^(M 71 ).
The author is grateful to Richard Melrose, who supervised the Ph.D. thesis of which this work formed a part. The comments of an anonymous referee were also helpful, as was Hubert Goldschmidt's help in reducing the level of illiteracy of the French abstract. The work was supported by a fellowship from the Fanny and John Hertz Foundation.
The quadratic-scattering calculus.
In this section, we briefly review the properties of the algebra ^qsc(M), which was constructed in [13] , and is closely related to the "scattering algebra" of Melrose [9] .
Let Vqsc(M) and Vb(M) be defined by (1.3) and (1.4), and let Diffqsc(M) and Diffb(M) be the order-filtered algebras of smooth linear combinations of products of elements of Vqsc(^) and V\)(M) respectively. There exists a bi-filtered star-algebra ^qgc(M), the "quadratic-scattering calculus" of pseudodifferential operators on M such that
•
• Q ^^(M) =. ^^'^(M) consists of operators whose Schwartz rn,£ kernels are smooth functions on M x M, vanishing to infinite order at 9(M x M).
• Elements of ^°s^(M) are bounded operators on L <2 (M).
• Given a sequence Aj G ^^'^(M) for j = 0,1,2,..., there exists an "asymptotic sum" A e ^^(M), uniquely determined modulô
Let Cqsc-^f = Q^^T^M). Let a be a boundary denning function for the boundary face ^S^M of ^J^M created by the fiber compactification. Let x be the lift of a boundary defining function on M to ^T^M -thus x defines the boundary face ^T^M. Let C°°(M) denote smooth functions on M vanishing to infinite order at 9M and C~°°(M) the dual space to C°°(M)-valued densities. Following Melrose [9] , we define conormal distributions on ^T^M with respect to CqscM as follows:
here Diff^ is defined on the manifold with corners ^T* exactly as it was defined on manifolds with boundary: as the span of products of vector fields tangent to (all faces of) the boundary. Let
here exists a symbol map
such that
• There is a short exact sequence
The symbol map is multiplicative.
• The Poisson bracket extends continuously from the usual bracket defined on the interior of ^T^M to A^''' ^ and
where Ha is the extension of the usual Hamilton vector field on the interior of T^M to an element of a-^1;^2^8^*^). (We refer to the flow along Ha or a rn~l x~£~2Ha as bicharacteristic flow.)
• There exists a (non-unique) "quantization map" We can now define the qsc wavefront set of u e C~°°(M) as the subset WF^scU of CqscM such that p ^ WF^u if and only if there exists A e ^s?(M) with p € ell A such that Au € C°°(M).
The qsc wavefront set and microsupport enjoy the following properties:
• If A,B e ^qsc(M), then WF' AB c WF_A H WF_B and WF^A-=WF^A.
• Microlocal parametrices exist at elliptic points: if P e ^^(M) is elliptic at p € CqscM then there exists Q e ^qs^'^M) s^Tch that
PiWF^(PQ-I) and p i WF'^QP -I).
• Microlocality: let P e ^qsc(M) and u € C-°°(M). Then
WF^Pu C WFqscP n WF^u.
• Microlocal elliptic regularity: Let P e ^qsc(M) and u e C~°°(M). Then
• We can (and do) choose the map Op in such a way that qsc^^O C esssuppa (esssuppa is the set of points in CqscM near which a does not vanish to infinite order).
We will also require a notion of qsc wavefront set that is uniform in a parameter.
DEFINITION 2.3. -Let u G C{R\C~°°(M)). For 5 C R compact, we say that p ^ WFq^^) if there exists a smooth family A(t) € ^°s^(M) such that A(^) is elliptic at p for all t 6 S and Au e C(S ; C°°(M)).
Associated to ^qsc(Af) is a family of Sobolev spaces
is continuous for any m, £.
• For any ^ 6 R, 
The propagation ofWFqsc.
For details of all computations in this section, see [13] , especially §11.
We consider the symbol and corresponding bicharacteristic flow for the operator^= |A+^+. is formally self-adjoint and a; is a boundary-defining function with respect to which g takes the form (1.1).
Let the canonical one-form on ^T^M be dady
The joint symbol of U is represented in A^~^(C^cM) by a conormal distribution of the form 
where 0(a 2 ) and 0(rr) denote error terms of the form o^Yi and xY^, with V, tangent to Q^T^M)', the 0(a 2 ) term is just a^Q\, while the 0{x) term is what has above been denoted P.
The vector field X differs from the free-particle Hamilton vectorfield Xfp described in [13] ^ only in the term a; 2^, hence since this term is 0(cr), we have 
t-^±oo v /

A point in qsc S*M\J\f c is said to be non-trapped forward/backward if the integral curve through it is non-trapped. A point in Af 0 is said to be non-trapped forward/backward if it is not in the closure of anŷ
Unfortunately, this vector field is called X as well in [13] .
forward-/backward-trapped integral curves. Let 7± denote the set of forward-/backward-trapped points in ^S^M.
The only zeros of aX on ^S^M are on the manifolds A/' 
t-^±00
We extend this definition of 7V±oo to ^T" M\(J\f^ U 7±) by homogeneity. We further define
V±oo : ^^MVA^ U T±) -9M
to be the projection of N^oo to 9M. 
ci^+i/^^o}
then for e sufficiently small, C^_ is a fibration over 9M with projection map Vdboo; ^d every integral curve ofaX which is not trapped forward/ backward passes through C 6 . The sets '7±\A/^ are closed subsets of^S^MVA/^. By (3.9), this theorem follows from Theorem 11.6 of [13] .
We can thus define the scattering relation:
-Let S C .A/^YTI . The scattering relation on S is
Scat(<S) = 7V_oo (A^,(<S)) C X^.
It is shown in [13] [13] (which were in turn adapted from Craig-Kappeler-Strauss [5] ), although the symbol constructions need to be slightly modified from those in [13] because the maps y±oo ^l r^ n0^ exactly constant along the flow of X; we discuss these issues in an appendix.
Non-recurrence of singularities.
We assume throughout this section that there are no trapped geodesies
This section is devoted to proving In order to deduce this theorem from Theorems 3.6-3.9, we first define a relation on Cqsc^ which describes from what points singularities may reach a point p € CqscM: 
^(lengths of integral curves in ^T^^M) = t, where we define the length of an integral curve in ^T^j^M to be its length as an integral curve of X (and hence a finite number).
Then for S C CqscM, let Gt{S) = {p 6 Cqsc-^ • * P ~ Q for some q € 5'}.
Ifp^q and q ~ r, then q sr^ r, hence
og,(s).
We also have (4.3)
Gt{SUT)=gt(S)UGt(T).
The relation p ~ q is closed in the following sense:
Then R is a closed subset ofCqscM x CqscM x R.
Proof. -Suppose pi ->-p, qi -> g, and ii -> t as i -> oo, and that (p^, <^, ^) € .R. We will show that (p, 9, t) 6 -R.
For simplicity, we reformulate (4.1) as follows: let A; be a Riemannian metric on the manifold (^T^M) 0 such that the norm of X with respect to k is one. (As X = 0((7~1), k vanishes at ^S^j^M.) Let 6 = k{', X) C ^((^T^M) 0 ); extend 0 to be zero on the interior of the boundary face ^fi^M. Then the condition (4.1) is equivalent to We now prove that Qt is, in an appropriate sense, a continuous set map. 
cosuj(t -to) -iRsmu;(t -to)
. r^ tan^-%J? ,
(recall that R = 0 only on At). Thus by (3. Proof. -By Theorem 4.1, we can find a partition of unity (&i,i) 2 , subordinate to a cover 0^ of CqscM, such that WFqsc'0(0) C C^ implies that WFclIc" 6^"^6^ ri Oi = 0. Extend the 61^ to be smooth functions on qsc^*^ ^^ esssupp^i,, C Oi. Set Bi,i = 6p(6i^). Then
B^-J^Gie^'^M). i
Let c\ denote a representative of the symbol of C\ in ^.^(^T^M). Setting 62,1 == -\c\b\^ and ^2^ = Op(62,z), we havê 
The trace.
We begin the study of 
and (I)^TT f (l)(t)U(t)dt
is a tempered distribution on R.
Proof. -The structure of the argument is standard -see, for example, part II of [2] . We reproduce it only owing to the slight novelty of the Sobolev spaces involved. Furthermore, if we take k large enough so that (/^ + H^U^t} is tracecla^s, we see that 0 ^ Tr J (t>(t}U(t) dt is a tempered distribution of order at most k. r-i
We are now in a position to prove our main theorem: 
